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Abstract—We study a Riemann boundary value problem with a shift into the interior of the
domain. The problem has piecewise constant coeflicients that take two values. We find condi-
tions for the existence and uniqueness of a solution of the inhomogeneous problem and formulas
for the number of linearly independent solutions of the homogeneous problem.

We consider scalar singular integral operators with a shift and matrix characteristic operators
whose coefficients are generated by piecewise constant functions and which have automorphic
properties. For these operators, we find invertibility conditions.
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1. INTRODUCTION

When studying singular integral equations and operators with shifts, one usually reduces them to
matrix characteristic singular integral equations and operators without shifts [1-3]. In this case, the
original operators are mixed with the corresponding additional associative operators. The presence
of the latter complicates the construction of the solvability theory.

Operator equalities that reduce singular integral operators with involutions generated by linear-
fractional Carleman shifts to shift-free matrix characteristic operators were constructed in [4, 5].
The simplicity of shifts in question permitted avoiding the introduction of additional and compact
operators, which do not affect the construction of Fredholm theory but have a substantial influence
on the dimension, the structure of operator kernels, and the methods for finding solutions.

For a singular integral operator A with an orientation-preserving shift, we obtain a similarity
transformation that reduces A to a matrix characteristic singular integral operator FAF 1.

For a singular integral operator B with an orientation-reversing shift, we obtain a transformation
by invertible operators that reduces B to a matrix characteristic singular integral operator HBE.

Application of operator equalities permits using known results for matrix characteristic singular
integral operators in the analysis of scalar singular integral operators with shifts, and vice versa.
For example, this method was used in [6] to obtain invertibility conditions for singular integral
operators with a linear-fractional involution and piecewise constant coefficients on the basis of
known results about factorization [7].

In the present paper, we use operator identities to study Riemann boundary value problems and
singular integral equations.

In Section 2, we find conditions for the existence and uniqueness of a solution of the inhomo-
geneous Riemann boundary value problem with a shift into the interior of the domain and obtain
formulas for the number of linearly independent solutions of the homogeneous problem.

In Section 3, we obtain conditions for the invertibility in a weighted Lebesgue space of a matrix
characteristic singular integral operator D whose coefficients are piecewise constant matrices that
have three points of discontinuity on the real line R and take four coordinated values.

In Section 4, in the space Ly(T), we consider a singular integral operator with an orientation-

preserving shift on the unit circle T and with matrix coefficients of special form which have some
automorphic properties. We obtain invertibility conditions for the operator Dr.
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1226 KARELIN et al.

2. RIEMANN PROBLEM WITH A SHIFT INTO THE INTERIOR
OF THE DOMAIN AND WITH PIECEWISE CONTINUOUS COEFFICIENTS

Let us introduce some notation and definitions. Let I' and v be two contours such that v C I'.
The extension of a function f(t), t € v, by zero to I'\y will be denoted by (Jr\,f)(t), t € T
The restriction of a function ¢(t), t € T', to v will be denoted by (C,p)(t), t € v, and the
characteristic function of the contour v defined on I" will be denoted by x.,(x). The symbol [H;, H,]
stands for the set of bounded linear operators from a Banach space H; to a Banach space H,, and
[Hl] = [Hl,Hl].

‘ VVe1 introduce the identity operator and the Cauchy singular operator on the contour I' by the
ormulas

1 (T
I =0, (sep) =1 [ A7) ar
m ) T—1
T
Let L,(I',0) be the space of functions defined on I' whose product by the weight function g is
p-integrable; by LZI(F ,0) we denote the space of m-vector functions with components in L, (T, o).

The norm in L;'(R, ) is given by the formula || f[[zn o) = [|of]

L;)n(R).
Consider the space L,(R, p), 1 < p < oo, with the power-law weight

2 1 1
o= (1 +)t"t—1", vu=1-" —v—yy—1y, — <y<l- , k=012
p p p

Let A and B be nondegenerate numerical matrices. We denote the arguments of the eigenvalues
of the matrices A, A™'B, and B~! by 2rvo, (A, B), 2nv1,. (A, B), and 27vq, (A, B) (k = 1,2), respec-
tively. If the matrices A and B have common eigenvectors, then we follow [7] and assign the same
index k to the “gamma” numbers associated with the corresponding eigenvalues. In addition, if
the matrices A and B have only one common eigenvector, then we assign the index k = 2 to the
corresponding “gamma’” numbers.

For the matrices A and B and the parameters of the space L,(R, ), we introduce the numbers

6jk(AaB7p7Vj): +Vj_yjk(“478)7

==

2 (1)
lk(A’vav vV, o, Vl) = Z(ij(A’ B) + [5jk(-’47‘87p7 Vj)]O)'

Jj=0

In these formulas, [z], stands for the integer part of a number x.

Let Cy, Cy, and Cy be constant matrices defined on the intervals Iy = (to,t1), Iy = (t1,t2), and
I, = (ta,tp), respectively. Using them, we construct the matrix Gg(t) = Z?:o Cix;(t), t e R. If C
is nondegenerate, then we set A = C,'C, and B = C; 'Cs.

Consider the problem of finding an analytic function F'(z) in the strip

T={2: —1<Imz<+1}
from the functional relation
A(x)®(z + 1) + B(z)®(x — i) + C(x)®(z) = H(x), z € R=(—00,+00), (2)

with coeflicients
Ar) = A_xe_(z) + A+XR+ (),
B(r) = B_xg_(z) + Byxz, (7), (3)
C(r) =C_xr_(x)+ CiXr, (z),
where AL, By, and Cy are some constants, R, = (0,+00), R_. = (—00,0), and H(x) € Ly(R).
We seek solutions such that ®(x+1i) € Ly(R) and ®(x—i) € Ly(R). Let us state and prove the main
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RIEMANN PROBLEM AND SINGULAR INTEGRAL EQUATIONS 1227

theorem of this section. For the coefficients (3) of the boundary value problem (2), we construct
the matrices

. 2
A= T34, + B,
| 34 +A 4B 43B 14l v 0 34, —A 4B, 3B 1+4i(C, +C.) |
_—3A2+ YA — B, +3B_ +4i(C, +C.) —3A, —A — B, —3B_+4i(C, +C_) ”
5="34 1B
| Ac 340438, + B+ 4i(C, +C0) —A 4340 3B, +B_+4i(C, +C)|
(A, —B3A_+3B, — B_+4i(Cy +C_) —A, —3A_—3B, — B_ +4i(C, +C_)

By formula (1), we define the numbers Sjk = 5jk(fi,l§, 2,0) and I, = I.(A,B,2,0,—1/4,0).

Theorem 1. Suppose that 3A, + B, # 0 and 3A_+ B_ # 0. The following assertions are valid
for the Riemann problem (2) with a shift into the interior of the domain and with the piecewise
constant coefficients (3).

1. The following conditions are necessary and sufficient for the existence and uniqueness of the
solution :

(a) det A # 0 and det B # 0;
(b) the numbers 5jk, k=1,2, j =0,1,2, are not integers;
(c) one of the following three properties holds:
(i) A and B have no common eigenvectors, and I, = —I;
(ii) A and B do not commute and have a common etgenvector, and Lh=—l,> 0;
(iii) A and B commute, and I, =1, = 0.
forgw(a]nder conditions 1 (a) and (b), the number of linearly independent solutions is given by the

(U s + ) (1+san()y (5)

provided that
(iv) the matrices A and B commute, or

(v) the matrices A and B have a common eigenvector, and L —1,<1.
The number of linearly independent solutions is given by the formula

Ii+1y+1 I, + 1y

; (6)

1 ~ ~
+ 9 (1 + Sgn(ll + lg))
0

1 I
,(L+sgully+12+ 1))

provided that

(vi) the matrices A and B do not commute and have a common etgenvector, and l~1 — ZNQ > —1,
or

(vii) the matrices A and B have no common eigenvectors.

Proof. An equivalent reduction of the Riemann problem (2) to a singular integral equation with
singularities at the endpoints in the space Ly(—1,+1) was carried out in [8]:

ar(©u(e) + T / wr)dr _ dr(6) / wndr _ o, T=(-1,1). (7)

i T—& i 1-¢r
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1228 KARELIN et al.

The relationship between the coefficients and the right-hand sides is given by the formulas
_ AD@©) +B((E) A([v(©)]) = B([v(9)])

T(é.) 2 ) CT(&) =T 4 5
4r() = -miCh(©].  are) =", "¢)
fy(é)zilnig, ceT, (&) eR.

Let us write out the relationship between the solutions of the boundary value problem (2) and
Eq. (7):

Y(2) = §{lexp(z) + exp(—2)|§ ' @(2)},

where § is the Fourier transform, (Fv)(z) = (2r)~1/2 fj;o (1) exp(lxT)dr, and ! is the inverse
transform.

We represent the integral operator with point singularities in (7) via an involutive operator
Q1 € [L2(R)] and the singular operator Sg:

1 w(T
/ (7) dr = —C1Q1SrJr\1, §eT,
w1 —&r

T

@re)a) = gla),  al@) =1, wck

Let us rewrite (7) in the operator form
(Krw)(&) = g97(&), Kr=azlr+crSt+drCrQ1Spr\7, K1 € [Ly(T)).
The coefficients can be expressed via the constants A., By, and C1 by the formulas
ar(§) = 27177[(14— + B—)X(—l,o)(g) + (A4 + B+)X(O,l)(£)]7

er(§) = 47'7[(AZ — B_)x(-1,0)(€) + (A4 — Bo)x0.1(€)],
dr(§) = —mi[C_x(—1,0)(&) + Crx(0,1)(§)], £eT.

By extending the operator K+ to the entire line R by the identity operator, we obtain
K3 = arlp + &S + drQ7 Sk, ar = (xe\7 + Jr\707),
er = (Jr\rer), dr = (Jr\7d7).

The operator K7 is invertible in the space Lo(7) if and only if the operator K} is invertible
in Lg (R)
By applying the operator equality HBE in [4, 5] to the equation (Kgp)(z) = Jp\797, We arrive
at the matrix characteristic equation
ER+¢R+ = 0r,; ]jnh = HEKRE = up, In, + Ug, Sk, ,
Dg, € [L3R4, 7] g, = Hmzgr,

with coefficients g, (t) = 27" [a;; (1)]7 ,—, and v, (t) = 27 [0y, (1)]7

i j=1, where

)
) =[27'm(A- + B2) + (1) X0 (1) + 27 7(As + By) = (=D)'Ixon(t),  i=12,
V11 t) = 1~022(15), ﬁzl(t) = alQ(t)y

The relationship between the solutions is as follows: ¥, (t) = (£ (Jr\rwr))(t).
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RIEMANN PROBLEM AND SINGULAR INTEGRAL EQUATIONS 1229

The operators H and £ are the products
H= Nyl 27 M0 € [LAR,), L(R /)]
£ = OMZPNy, € L3R, t~/"), L3(R,)],

e =2 ¢(171). eaw=_ L e(I11).

(N, 0)(t) = (%),  (Wep)(2) = o(—=),

)

P S]R+ +CR+WRSRJR_ 0 ’ 7 — 1 1 ’
0 Iy, 1 -1
t), teR = ()
Mg ¥1 :{801( ) + Mgl = )
+ Lz (=), tER-, e
We see that the coefficients ug, and g, are piecewise constant functions taking two values on the
contour R with point of discontinuity = 1. The operator Dg, can be extended to R_ = (—00,0):

Dy =Ja gr,,  Dp=(w +Je im,)le+ (Jo_0:,)Sk, Dz € [L3(R,¢7/").

The operator Dy, is invertible in the space L2(R.,¢~'/4) if and only if so is the operator D} in the
space L2(R,t~1/4).

We represent the operator D} via the projections P = 271 (Ig 4+ Sg) and Py = 27" (I — Sg)
by the formula D} = R(U, V), where R(U,V) =UP; + VP, and the coefficients have the form

U = Esxr_ + Uo,1)X(0,1) T U1,00)X(1,400)5

V = Eoxr_ + Vo)X 0,1) + V(1,00)X(1,400)> E, = diag][1,1],
Ui = T 2r(A +By)+7(A,—B,)—4nC +4 2n(A +B,)+7(A,—B,)+4rC, —4
8 _27T(A++B+)+7T(A+ B+)—47TC+—4 27T(A++B+)+7T(A+—B+)+47TC++4
U 1| 27r(A4+B_)+n(A_.—B_)—4xC_+4 2m(A_+B_)+n(A_—B_)+47C_—4
1,4+00) —
G978 | 2m(A+BL)+m(A_~B_)—4nC_—4 2m(A_+B_)+m(A_—B_)+4nC_+4
Ve 1 2r(A_+B_)—m(A_—B_)+47C_+4 —27(A_+B_)+7n(A_—B_ )+47rC’_+4
0,1) =
V78 | 2n(A_+B)—n(A_—B_)+4nC_—4 —2n(A_+B_)+n(A_—B_)+4rC_—4
Vetpe) = L 2n(A +B,)—7(A,—B,)+4nC +4 —27(A,+B,)+n(A —B,)+4rnC +4
,+oo) —
8 _27T(A++B+) 7T(A+ B+)+47TC+—4 27T(A++B+)+7T(A+—B+)+47TC+—4

We assume that det(dg + 0g) # 0, or, in different notation,
det(Eoxr_ +Uwn,1)X(0,1) + Ut,00)X(1,400)) 7 0,

2
# 0, det z/{(l,oo) = 7é 0.

detUon =g, 4 p,

3A_+B_

By computing the inverse matrices Z/{(B)ll) and Z/{(_l)lJroo) and the matrices A = u(gfl)v(o,l) and B =
Z/Fl +OO)V 1,400) in terms of the coefficients of the original boundary value problem, we obtain
formulas (4).

Let us pass from the operator R(U,V) to the operator R(QR) =P+ QNRPR‘ acting in the space
LZ(R, 0), o(x) = |$|71/4. Here

g~R = (X]R_ + Jr_ (’LNLR+ + QNJR+))_1(XR_ + Jr_ (&R+ — 27]&_))
=U'y= Yr_ Fo + X(OJ)A + X(1,+OO)B.

DIFFERENTIAL EQUATIONS Vol. 44 No.9 2008



1230 KARELIN et al.

The matrix QR(x), r € R, is a piecewise constant matrix function defined on the real line
and taking three values with points of discontinuity x = 0 and =z = 1. By applying Theorem 3

in [7, p. 294] to the operator R(Gz), we obtain the first assertion of the theorem.

We denote the partial indices [1] of the matrix function G (z) in the space L2(R, o) by 5 and s,.
Theorem 1 in [7, p. 293] provides formulas for the computation of partial indices. According to [1],
the sum of positive partial indices is equal to the dimension | = dim ker R(_C’;R) of the kernel of the
operator R(Gg) of the Riemann boundary value problem (2).

In case (iv) or (v), by using Theorem 1 in [7, p. 293], one can compute s, = I, and sy = I, and
find that the number [ is given by the formula [ = ll + lg if 60 > 0and b >0, 1 = l1 if 2¢¢>0
and 3, <0, [ = l2 if 3¢ <0and 26 >0, and [ = 0 if 2 < 0 and s < 0, which corresponds to
formula (5).

In case (vi) or (vii), by using Theorem 1 in [7, p. 293], one can compute s, = [(I; +15+1)/2] and

= [(I; +15)/2] and find that [ is given by the formula | = 56 + 5 = (I 41+ 1)/2] + +[(h +15)/2]
1f%1 >0and 35 > 0,1 =2 = [(ll +l2+1)/2] if 2 >0and 20 <0, 1 = 300 = [(l1 —|—l2)/2] if 20 <0

and s, > 0, and [ = 0 if 3, < 0 and s, < 0, which corresponds to formula (6). The proof of the
theorem is complete.

3. CHARACTERISTIC OPERATORS WITH MATRIX PIECEWISE CONSTANT
COEFFICIENTS OF SPECIAL TYPE

Consider the weighted space L,(R, ow ), p > 1, where (ow)(z) = szl |z — x|, x; = —1,
Ty = 1, x3 = 0, and x4 = 7. To ensure the boundedness of the singular integral operator with

Cauchy kernel [9] and the shift operator (Wgp)(x) = ¢(—x) in the space L,(R, oy ), we assume
that

4
—1 p—1 ) —1 p—1
< pj < ) ]:172737 < Hj < y M1 = e 8
p T p p ZJ p Lo ®)

01,221 1 1,andQ:1 Of,
10 V21 -1 0 —1

In the space Lf,(R, ow ), consider the operator Dy = ulr + vSr whose coefficients are piecewise
constant matrices having three points of discontinuity z = —1, x = 0, and « = 1 and taking four
coordinated values, namely,

Let us introduce the matrices V =

a_, b_
2 2 ] X(—o0,—1) +

u =
b+2 a2 +1 41
a_; b_ a_o b_
+V ! ! Vxony +V 2 2 VX(1,00)5
b+1 Ay +2 [(OAS))
c_y —d_ c_ d_
v = 2 2 ] X(—o0,~1) T ' ' ] X(-1,0)
d+2 —Ci9 d+1 —Cy1
c_ d_ c_ d_
-V ! ! VX(O,l) -V 2 2 VX(l,oo)
d+1 —Cy2 d+2 —Cy2

In this section, we obtain conditions for the invertibility of the operator Dy in the space Lz(R, ow)-
Let us introduce the functions
a(r) = a_2X(~o0,-1)(7) + (@) + ar1X0,1) () + a42X(1,400) (T),
() = b_ax(- 71>($) +b- 1X (l’) + b11X(0,1) (%) + braX (1,400 (2),
() = c_aX(—o0,-1)(®) + Co1X (-1, 0)(5’3) + C+1X(0,1) (%) + CaX(1,400) (T),
d(z) = d-2X(—o0,-1)(2) + d-1X(=1,0) (%) + d11X(0,1) (%) + di2X(1,400) (2)

DIFFERENTIAL EQUATIONS Vol. 44 No.9 2008
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and construct the matrices

AE — —det™! a_y+cqy FbyE£d, 71 a_9—cC_g Fb_1Fd_,
:Fb_g F d_z A_9 — C_9 Zl:b_z + d_Q a_1+c_q

x a1 —c_y Fb_iFd_, A

Fb oEtd o a2+ C_2
(9)

B — _det ! 41 +cp1 Fby £dyy 71 Ao — Cyo Ebyy Fdig
FbioFdia a2 —cCy thiy £dyy  ay e

% ayy—cy1 Fby Fdp 70).

:Fb+2 + d+2 Qyo + Cyo
By using definition (1), for the matrices A* and B* and the parameters of the space L2(R, o),
o(x) = |z |e = 1" |x —i|, vo = (1/2)(u3 — 1/p), v1 = pe = p1, and v = (1/2) 4, we construct the

constants /i and (5jik.

Theorem 2. Suppose that

det a_y+cqy FboyE£d, £0 det 41 +cp1 Fby Edyy £0.
Fbo_o Fd_y a9 — C_2 Fbyo Fdyo A2 — Cyo
The operator
oo | v ] —aw g
b(—z) a(—x) d(—z) —c(-x)
with piecewise constant coefficients that have three points of discontinuity xt = —1, x =0, and z = 1

and take four coordinated values is invertible in the space L2(R, ow ) if and only if the matrices A*,
Bt and A~, B~ have the following properties:

(a) det AT # 0, det BT #£ 0 and det A~ # 0, det B~ # 0;

(b) the numbers (5;; and 0, k=1,2, j =0,1,2, are not integers;

(c) the pairs of matrices AT, Bt and A=, B~ satisfy one of the following three conditions:

(i) A* and B* have no common eigenvectors, and I = —1F;

(ii) A* and B* do not commute and have a common eigenvector, and Ii = —IF > 0;

(iii) A* and B* commute, and Ii =I5 = 0.

Proof. It follows from the Gokhberg—Krupnik matrix equation [3]

1 IR IR CLIR + bWRIR + CSR + dWRSR 0
2| Wy —Whi 0 aly — bWilg + ¢Sg — dWiSk
X IR WR = DR
I —Wkg

that the singular integral operator Dy is invertible in the space Lz(R, ow ) if and only if the operators
B = BT = alg + bl + c¢Sg + dQSg and B~ = alg — bl + cSr — dQ Sk are invertible in the space
LP (R7 QW)

By applying the operator equality to BT and B~, we obtain

DE{E—%— = HBiE = U§+IR+ +'U]§+SR+, DE{&_ (= [Li(RJr’Q)]

DIFFERENTIAL EQUATIONS Vol. 44 No.9 2008



1232 KARELIN et al.

The weight oy can be transformed into o(z) = |z|"|z — 1|"*|z — i|¥, where vy = (1/2)(us — 1/p),
vy = g, and v = (1/2)py. The coefficients of the operator D§+ are given by the formulas

uE (= L] (caEday) = (catds) (aEby)—(azboy)
z, (1) 2 [ (c.itd )+ (cotdy) (a1+tb 1)+ (a_ytby) ] X0,1)(t)

1

+ (ay2 £b4p
2

(a4 £ b+2

(cy1E£dyy) = (cratdin) (ays £by,y
(cy1E£dyr)+ (cratdin) (ay £by,y

) ] X(1 OO)(t)’
+ + )
+ _ Ll (ay Fbog)+(aaFbo) (co1Fdoy)+ (ccaFdos
(t)
( (a (c
)
)

) ) —
) )
2 a1 Fboq)—(aaFby) (co1Fdoy)—(ceaFds e 1)

+ Ly (a41 Fbya) + (a2 Fbya) (e Fdir) + (c2 Fdgo
(41 Fby1) — (ap2 Fbyo) (cy1 Fdir) — (cp2 Fdyo

5 ] 1,00) (8)-

By extending the operators Dﬁ@ to the entire real line and by representing the result in a form
with two projections, we obtain

DE{E:U]R%PH;—’_V]R%P]Q? U§ZXR,+JR,(U§++U§+);
Vi =xe_ +Je_(ui, —vi,), Di €[L3(R,0)].

The matrices Uz and Vi can be represented in the form

a_;+c_q :Fb,;[ + d,l

Un:@t = Xr_ t+ JR_H{

X(0,1)
FboFdo Ao — C_2
+ b, td
41T C41 F041 +1 X(l,oo)}Hv
FoioFdiz a4z —Cio
_1—cC_ b_ d_
V]]:{F:XR_ — Jp II a_y —C_1 F0_1F+d Xo1)
Fb oEtd o a2+ C_o
— b d
Ayp —Cr1 F041 F a4y X(l,OO)}HQ'
Fbrotdia a2ty

We assume that det [uﬂi'f+ (t) + vﬁr (t)] # 0 or, equivalently,

det {

By computing the matrices G = (U5)~'Vi, we obtain Gi = xr_ + A% X (0.1) + BEX(1,00), Where the
matrices A* and B are given by (9).

The operator R(Gy) = Py + Gg Py is invertible in the space L2(R, g) if and only if so is the
operator D§+ in the space L2(R,, ¢). By applying Theorem 3 in [7, p. 294] to the operator R(GY),
we complete the proof of Theorem 2.

a1 +cy Fbyy £dyy

ForoFdia  ay2 —Cyo

a_1+c_q :Fb,1 + d,l

X(0,1) +
FboFdo Ao —C_2

4. SINGULAR INTEGRAL OPERATORS WITH AN ORIENTATION-PRESERVING SHIFT
AND COEFFICIENTS OF SPECIAL TYPE

We denote the upper unit half-circle by T, and the lower unit half-circle by T _.

Let as;; and by ;;, @ = 1,2, 5 = 1,2, be piecewise constant functions defined on T, taking
at most three values, and having possible discontinuities only at the points ¢ = t, and t = ¢,
0 <argty < argt; <.
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In the space Ly(T), consider the operator
At = arlt + crSt + bpWr + dpStWr, (Wre)(t) = (1), Ar € [Lo(T)],

with coefficients of special form constructed on the basis of the functions as ;;, b, t, and t~* and
possessing automorphic properties:

1 -1
Cr,ap = 27" |ag,11 + G290 +taz o + 17 az 2],

—1 —1
0113, br =2 Qo171 — Q222 + taz o —t “az 12

]
Cr, (Wrar) = 27 ag 11 + G200 — tag 21 — t ™ ag 2],
I,
]

[
[
[
Cr, (Wrbr) = 27 ag11 — ag9n — tasor +t ag 1a),

Cr,.cr = 27 by11 + baga + tha oy +t by 1],
Cr, (Wrer) = 27 [bo.11 + bog — tho o1 — t o1,

Cr, dr = 2_1[1)2,11 — by o9 +tho o1 — t by 10)]
Cr, (Wrdr) = 27 o1 — boga — thy oy +t by a).

)

We apply the operator identity FAF ! in [4, 5] to the operator Ar. As a result, Ar is reduced to
the matrix characteristic singular integral operator

F'ArF = D, Dy = urly + vpSt € [L3(T)]. (11)

The operator F € [L3(T), Ly(T)] is equal to the operator product F = MIIGN. In our case
(m = 2), these operators have the form

M <S01> = Mr, <¢1> = Jr_p1 + Wrdr_ps,
P2 P2

M~y = Mqil(P _ Cr, o 7 ! — 7+ — 1 (1 1 7
Cr, Wrep V21 -1

GEL(t) = GEA (1) = diag(1L, ), (No,O)(8) = C(8),  (NZ2O)(®) = C(t2),
Mi! € [Ly(T), LY(T,)), My, € [L3(T,), Lo(T)),
Ni, € [L(T),L3(T,)),  Ni) € [L3(T), Li(T)].

~

2

~

2

2

Let us find out how the coefficients (10) are transformed at each step:
MT:LATMqM = ’U«1Iqr+ + v [Sﬂu + VUT+] (E [Lg(TJr)Da

(Us. )(t) = le / f (l)t dr, teT,  Up, =Co.WSiJr (€ [L3(T,))),

e (im0 o0)
br(—t) ar(—t)

1 <a2,11 + 222 +tag 21 + 7571(12,12 G211 — Q2,22 + Az — 751(12,12) (12)

o 1 1
2 211 — Q222 —tAg01 + 17 "A212 G211 + Q222 — LAz 21 — 7 A2 12

v = C’,]l,+ ( CT(t) dT(t) )
dr(=t) cr(=1)
_ 1 <bz,11 + ba 00 + tho o1 + 757152,12 ba 11 — ba oo +tho o1 — 75152,12) .

2 52,11 - b2,22 - tb2,21 + 757152,12 52,11 + b2,22 - tb2,21 - 757152,12
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At the second step, we apply the operator Z on the right and on the left and obtain
ZileJi_lATMT+ZIT+ = Ug.[']r+ + ’UQ[S'JLr + QUT+] (E [Lg(TJr)]),

= 7, 7 = <a2,11 t_1a2,12> ’ vy = Z V0, 7 = <b2,11 t_lbz,m) . (13)

ta2,21 ag 22 tb2,21 52,22

Then, by using the matrices Gﬁ (t), t € T, we reduce the operator (13) to the operator

Iy
T+

t 2
(G127 M A, 21 G B ) () = ) + ) [ amyan )

where ug(t) = (ag,;)7 -, and vs(t) = (bai;); =1, t € Ty Let us represent the matrices us(t) and
v3(t) in the form

us(t) = AoX(0,t0) T A1X(t0,t1) + A2X (t1,7)5

vs(t) = BoX(0,t0) + B1X(to,t) + BaX(t1,7)5

where the constant matrices Ay, Ay, By, and B; are expressed via as;; and by ;;, 7,7 = 1,2, as
follows:

Ay = C(o,to)(azij)ij:p A= C(t07t1)(a2,ij)?7j:17 Ay = C(tl,ﬂ)(a2,ij)?7j:17

(15)
By = Co.10)(b2,35)7 =1 B = Cag ) (b2.55)7 =15 By = Ct, my (02,4)7 =1

Finally, by applying the operator NT_f to (14) on the left and the operator Ny, on the right, we
obtain the characteristic matrix singular integral operator (11) on the unit circle with piecewise
constant matrix coefficients that take three values on the real line and have discontinuities at the

points t =0, t = t2, and t = {3 :
ur(t) = AoX.2) + Aixz.e) + A2X2.m)s

16
vp(t) = BoX(mg) + BlX(tg,tf) + BaX (2,7 (16)

here the constant matrices Ay and B, are defined on the contour (0,t2), A; and B; are defined
on (t3,t), and A, and B, are defined on (¢3,27).

To obtain invertibility conditions for the original operator Ar, we use the results in [7]. We use
the projections Py = (1/2)(It + Sr) and Py = (1/2)(It — St) to represent the operator Dy in the
form Dy = (uy + vp) Py + (up — vp) Py .

Suppose that det(ur + vr) # 0, or, in more detail, with the use of the representation (16) of
the coefficients, det(Ay + By) # 0, det(A; + B;) # 0, and det(Ay + By) # 0. By multiplying the
operator Dt by the matrix (ur + vr)~! on the left, we obtain

R(Gr) = Pi +GePr,  Go(t) = (ur +vr) (ur —wvr),  R(Gr) € [L3(T), L3(T)].
By using the operators A~! € [L2(T), LZ(R)] and A € [L3(R), LZ(T)], where

21 1—

we@ =2 o(-100) who= 1 r(i17).

we pass from the unit circle T to the real line R:

AT R(Gr)A = R(G),
R(Ge) = A'(Pf +GrPr )A = Bf +GePy,  R(Gr) € [L5(R), L3(R)];

here

Gz (@) = (uz(@) + vr(2)) " (ur(@) — vr(2))
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and
UR(x) = AOX(*OO,IO) + AIX(mo,ml) + AZX(whoo)a
UR(ZE) — BOX(—oo,rg) + BlX(rg,rl) + BZX(rl,oo)v
zo=i(1+15)/(1—13), a1 =i(1+17)/(1 1))

We represent the matrix Gr(z), € R, via the constant matrix functions forming the original
coefficients as ;;(t) and by ;;(t), t € T, as

gR(x) = COX(foo@o) + CIX(wmwl) + CZX(w1+OO)7
Cj - (Aj+Bj)7l(Aj—Bj), j:0,1,2

In the case of a nondegenerate matrix C, we set A = Cy'C; and B = C;'Cs, and for the
matrices A and B and the space L3(T), we define the numbers d;;, and [, in accordance with (1).

By applying Theorem 3 in [7, p. 294] to the operator R(Ggr), we obtain the following assertion.

Theorem 3. Suppose that
det(Ay + By) # 0, det(A; + B;) # 0, det(Ay + Bsy) # 0, det(Ag — By) # 0.
The singular integral operator
Ar = arly + crSt + byWr + dp St Wr

with the orientation-preserving shift (We)(t) = @(—t) on the unit circle and coefficients of the
form (10) is invertible in the space Ly(T) if and only if the following conditions are satisfied:
(a) det A # 0 and det B # 0;

(b) the numbers 0;;,, k =1,2; j =0,1,2, are not integers;
(c) one of the following three properties is valid:

(i) A and B have no common eigenvectors, and l; = —l;

(ii) A and B do not commute and have a common eigenvector, and l; = —ly > 0;
(iii) A and B commute, and l; =1y = 0.
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